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Zenith/Nadir Pointing mm-Wave Radars:
Linear or Circular Polarization?

Michele Galletti, Dong Huang, and Pavlos Kollias

Abstract—We consider zenith/nadir pointing atmospheric
radars and explore the effects of different dual-polarization ar-
chitectures on the retrieved variables: reflectivity, depolarization
ratio, cross-polar coherence, and degree of polarization. Under
the assumption of azimuthal symmetry, when the linear depo-
larization ratio (LDR) and circular depolarization ratio (CDR)
modes are compared, it is found that for most atmospheric scat-
terers reflectivity is comparable, whereas the depolarization ratio
dynamic range is maximized at CDR mode by at least 3 dB.
In the presence of anisotropic (aligned) scatterers, that is, when
azimuthal symmetry is broken, polarimetric variables at CDR
mode do have the desirable property of rotational invariance
and, further, the dynamic range of CDR can be significantly
larger than the dynamic range of LDR. The physical meaning
of the cross-polar coherence is revisited in terms of scattering
symmetries, that is, departure from reflection symmetry for the
LDR mode and departure from rotation symmetry for the CDR
mode. The Simultaneous Transmission and Simultaneous Recep-
tion mode (STSR mode or hybrid mode or ZDR mode) is also
theoretically analyzed for the case of zenith/nadir pointing radars
and, under the assumption of azimuthal symmetry, relations are
given to compare measurements obtained at hybrid mode with
measurements obtained from orthogonal (LDR and CDR) modes.

Index Terms—Circular depolarization ratio (CDR), circular
polarization, degree of polarization, linear depolarization ratio
(LDR), linear polarization, polarization response, reflectivity.

I. INTRODUCTION

THE OPERATIONAL implementation of polarimetry in
radar systems for atmospheric remote sensing has seen a

considerable development in the last years [1]–[3]. After the
American Recovery and Reinvestment Act of 2009, the At-
mospheric Radiation Measurement (ARM) Climate Research
Facility of the United States Department of Energy [4], [5] was
retrofitted with a diverse array of radar systems at different
frequencies and polarizations. Examples are the ARM zenith-
pointing dual-polarization radar systems, like the W-band ARM
Cloud Radar (WACR), the decommissioned Millimeter Wave
Cloud Radar (MMCR) [6] and the Ka-band Zenith-pointing
Radar (KaZR). The WACR and the KaZR systems operate at
W and Ka band, respectively; they transmit linear polarization
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and receive the copolar and cross-polar components of the
backscattered signal. In the following, this polarimetric mode
(linear polarization transmission, co- and cross-pol receive) is
termed linear depolarization ratio (LDR) mode. The MMCR
operated at Ka band (35 GHz), transmitted circular polarization
and received the copolar and cross-polar components of the
backscattered signal. Such operating mode is indicated with
circular depolarization ratio (CDR) mode.

Since most atmospheric scatterers tend to have a shape close
to spherical, both LDR and CDR modes are characterized by a
large difference in signal power (generally larger than 20 dB)
between the two receive polarimetric channels. This circum-
stance limits the domain of applicability of polarimetry to those
regions of the scanned space whose signals are both within the
acceptable receiver dynamic range, and has therefore spawned
the use of transmit polarization states that are not copolar and
cross-polar with respect to the receive channels. Whenever the
receive polarization states are not copolar and cross-polar with
respect to the transmit polarization, the polarization architecture
is referred to as “hybrid”. An example of hybrid architecture
is the so-called ZDR mode (differential reflectivity mode, also
known as Simultaneous Transmission Simultaneous Reception
mode (STSR) implemented in the US NEXRAD network and
in the ARM X-SACR radar.

In this paper, we only consider the LDR, CDR, and ZDR

modes for implementation in zenith/nadir pointing atmospheric
radars. However, other polarimetric architectures were pro-
posed and implemented, specifically for the characterization of
ice particles by hemispheric-scanning millimeter-wave radars.
Such polarimetric operating modes are the SLDR mode (slant
linear depolarization ratio mode), that makes use of slant linear
polarization on transmission and receives the signal in the
copolar and cross-polar channels (+45◦ and −45◦ linear po-
larization); the SLDR∗ mode (slant quasi-linear depolarization
ratio mode) and the EDR mode (elliptical depolarization ratio
mode), that makes use of elliptical polarization on transmission
and receives the signal in the copolar and cross-polar channels
[7]–[9].

The purpose of this paper is twofold: in the context of zenith-
pointing atmospheric radars (i.e., when azimuthal symmetry
can be assumed), we first investigate the pros and cons of
the LDR and CDR polarimetric modes; then, we develop a
theoretical framework that provides algebraic relations between
variables retrieved at LDR mode, CDR mode and simultaneous
transmission (ZDR mode). Azimuthal symmetry is expected for
most distributions of hydrometeors at zenith/nadir observation
angles like pristine crystals, melting and/or rimed aggregates,
droxtals, cloud droplets and raindrops. The presence of aligned
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scatterers (due to electrification or wind-shear for example)
breaks the assumption of rotation symmetry, and, consequently,
azimuth symmetry. Ideally, the verification of this assumption
involves the analysis of the cross-polar coherence from dual-
polarization radars operating at both LDR and CDR modes. The
cross-polar coherence at horizontal polarization transmit (also
known in the weather radar literature as cross-polar correlation
coefficient and indicated with ρxh or ρxv [10], [11]) departs
from zero if and only if the target departs from reflection
symmetry [12]. This may be due to aligned hydrometeors in
a direction other than the two orthogonal directions corre-
sponding to the antenna ports. The cross-polar coherence at
circular polarization transmit (also known in the weather radar
literature as ORTT, Orientation Parameter) indicates departure
from rotation symmetry, due to the presence of aligned hy-
drometeors, in whatever alignment direction in the polarization
plane (regardless of the antenna ports orientation). If a target
possesses both reflection and rotation symmetry, it is said to
have azimuthal symmetry.

The potential of the polarimetric approach for the charac-
terization of ice cloud microphysics can be better appreciated
from ground-based radar systems, thanks to their superior
radiometric, spatial and spectral resolution. Scatterers with
azimuthal symmetry only have two degrees of freedom, gener-
ally represented through reflectivity, related to the backscatter
cross-section per unit volume, and the depolarization ratio, that
also accounts for properties of the scatterers’ shape. In the
particular zenith-pointing geometry, the polarimetric informa-
tion can be used to infer the shape of scatterers in terms of
how “sphere-like” versus how “needle-like” they appear to the
probing wavelength. Depending on the width of the canting
angle distribution, millimeter wave polarimetry at zenith/nadir
has demonstrated the capability of distinguishing quasi-
spherical scatterers (drizzle droplets, very small hexagonal ice
crystals) from planar (plates, stellars, dendrites), and from
columnar (columns, needles) ice crystals [9]. Mm-wavelength
polarimetry also brings insight to the characterization of non-
axisymmetric oscillations of raindrops and break-up processes
[17]–[21] and is very effective in the discrimination of atmo-
spheric scatterers (hydrometeors) from atmospheric plankton
(birds, bugs, bats, suspended particles), the latter appearing
with larger depolarization ratio values [22], [23].

The theoretical development of Section III considers scatter-
ers with azimuthal symmetry and illustrates how the reduced
degrees of freedom are represented in the Covariance and
Mueller matrices. Since for scatterers with azimuthal symmetry
a dual-pol system retrieves the same information as a fully
polarimetric system, the target representation is translated from
the Covariance or Mueller matrices into the Coherency ma-
trix (measurable by a dual-pol system). With an ideal dual-
polarization radar system (noiseless and perfect cross-polar
isolation), transmission of linear polarization is theoretically
equivalent to the transmission of circular polarization since
ZC and CDR can be retrieved from ZH and LDR and vice-
versa. However, the returned power is diversely distributed in
the copolar and cross-polar channels for the two polarization
bases. This effect has a small (and indeed negligible) impact
on the reflectivity factor, and a more significant impact on

the depolarization ratio (maximized at circular polarization
transmit by at least 3 dB). When the finite sensitivity and finite
cross-polar isolation of the radar system are taken into account,
CDR mode emerges as a better option than LDR mode.

Two considerations hold for scatterers with azimuthal
symmetry:

• The difference between reflectivity at linear and reflectiv-
ity at circular polarization is always less than 0.5 dBZ for
scatterers with intrinsic CDR < −6 dB (0.5 dBZ is the
nominal error associated with reflectivity measurements of
ARM radars), so, implementation of CDR mode does not
appreciably degrade the sensitivity of the system.

• CDR is always larger than LDR by at least 3 dB
[13]; considering that the lower bound is the same (see
Section IV) for antennas with the same cross-polar isola-
tion, we conclude that CDR mode offers a larger dynamic
range for depolarization ratio measurements.

In absence of azimuth symmetry, that is, in presence of
aligned scatterers, polarimetric variables obtained at circular
polarization (reflectivity, depolarization ratio, cross-polar co-
herence, degree of polarization) have a physical meaning that
is more pertinent to the geometry of the problem, since they are
independent from the specific alignment direction (with respect
to the antenna ports) of the anisotropic scatterers potentially
present in the radar resolution volume. Further, the presence of
anisotropic scatterers additionally enhances the dynamic range
of CDR with respect to the dynamic range of LDR [26].

After the analysis of the orthogonal modes (LDR and
CDR modes), we theoretically consider simultaneous transmis-
sion (generally employed in operational scanning precipitation
radars) also for zenith/nadir pointing atmospheric radars. In
particular, the ARM program utilizes simultaneous transmis-
sion for one of its hemispheric scanning radars (X-SACR).
Under the assumption of azimuthal symmetry, we work out
the mathematical relations between variables at LDR and CDR
modes and variables at simultaneous transmission (ZDR mode).
With respect to orthogonal modes (LDR and CDR modes), ZDR

mode has the advantage that the domain of applicability of
polarimetry is larger, since both polarimetric channels receive
comparable power levels. The drawbacks are a 3 dB drop in
sensitivity, higher requirements in antenna cross-polar isolation
[27]–[30] and a potential bias in polarimetric variables due to
non-uniform beam filling [31].

II. THEORETICAL BACKGROUND

We redefine the known polarimetric variables not simply as
scalar quantities, but as maps defined on the surface of the
Poincare sphere, parameterized by the orientation angle ψ and
the ellipticity angle χ. The two angles that parameterize the
surface of the Poincare sphere identify a point on the surface
that corresponds to a specific polarization state (that we denote
with x)

(ψ, χ) ↔ (x). (1)

Together with the polarization state corresponding to the an-
tipodal point (that we denote with y), the pair of orthogonal
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polarization states (x,y) constitutes an orthogonal polarization
basis.

We define the Reflectivity Poincare map as that map that
associates to every point of the Poincare sphere surface the
maximum returned power (either copolar or cross-polar)

Z(ψ, χ) ∝ max
[〈
|sxx|2

〉
,
〈
|syx|2

〉]
. (2)

Depending on the transmitted polarization, we obtain the re-
flectivity at horizontal transmit: Z(0◦, 0◦) = ZH; reflectivity at
vertical transmit: Z(90◦, 0◦) = ZV; and reflectivity at circular
transmit Z(0◦,±45◦) = ZC.

The Depolarization Ratio Poincare map is defined as the map
that associates to every point of the Poincare sphere the ratio of
minimum to maximum returned power (e.g., cross-to-copolar
power ratio for linear polarization transmit, or co-to-cross-polar
power ratio for circular polarization transmit) [9]

DR(ψ, χ) ≡
min

[〈
|sxx|2

〉
,
〈
|syx|2

〉]
max [〈|sxx|2〉 , 〈|syx|2〉]

. (3)

For example, for horizontal polarization transmit we have that
DR(0◦, 0◦) = LDRH, for vertical polarization transmit we
have DR(90◦, 0◦) = LDRV, for slant 45◦ linear polarization
transmit we have DR(±45◦, 0◦) = SLDR, for circular po-
larization transmit we have DR(0◦,±45◦) = CDR. Elliptical
polarization on transmission was proposed in [8], and the
corresponding depolarization ratio is referred to as elliptical
depolarization ratio (EDR), so that DR(0◦,±40◦) = EDR.
The concept of depolarization ratio Poincare map encompasses
all these polarimetric variables in one single entity. Follows that
reflectivity at horizontal transmit ZH, and the linear depolariza-
tion ratio LDR are, respectively defined as

ZH ∝
〈
|shh|2

〉
(4)

LDR ≡
〈
|svh|2

〉
〈|shh|2〉

. (5)

The reflectivity at circular transmit ZC and the circular depo-
larization ratio CDR are, respectively defined as:

ZC ∝
〈
|sLR|2

〉
(6)

CDR ≡
〈
|sRR|2

〉
〈|sLR|2〉

. (7)

The cross-polar coherence Poincare map is defined as the map
that associates to every point of the Poincare sphere the normal-
ized correlation coefficient between the copolar and cross-polar
returns

ρcx(ψ, χ) ≡
∣∣〈sxxs∗yx〉∣∣√

〈|sxx|2〉 〈|syx|2〉
. (8)

At horizontal/vertical polarization transmit, the cross-polar co-
herence has appeared in the literature with the name of cross-
polar correlation coefficient, and has generally been indicated
with the symbols ρxh and ρxv [10], [11]. The cross-polar
correlation coefficient departs from zero if and only if the target

departs from reflection symmetry [12]. At circular polarization,
the cross-polar coherence has appeared in the literature with
the name of orientation parameter, indicated with the symbol
ORTT. The orientation parameter departs from zero if and only
if the target departs from rotation symmetry [1].

The copolar coherence Poincare map is the normalized cor-
relation coefficient between the copolar returns of the two
orthogonal polarization states

ρco(ψ, χ) ≡
∣∣〈sxxs∗yy〉∣∣√

〈|sxx|2〉 〈|syy|2〉
. (9)

At horizontal/vertical polarization transmit, the copolar co-
herence has been referred to as copolar correlation coeffi-
cient, generally indicated with ρhv, and has been extensively
studied [1].

The degree of polarization Poincare map is defined as

p(ψ, χ) ≡

√√√√
1−

4
[
〈|sxx|2〉 〈|syx|2〉 −

∣∣〈sxxs∗yx〉∣∣2]
[〈|sxx|2〉+ 〈|syx|2〉]2

. (10)

For a general target, an algebraic relation holds between the
Poincare maps of degree of polarization, depolarization ratio
and cross-polar coherence

[
1− p2(ψ, χ)

]
=

4DR(ψ, χ)

[1 +DR(ψ, χ)]2
[
1− ρ2cx(ψ, χ)

]
. (11)

In particular, if horizontal polarization is used, the relation
above reduces to

(
1− p2H

)
=

4LDR

[1 + LDR]2
(
1− ρ2xh

)
(12)

where pH is the degree of polarization at horizontal transmit,
LDR is the linear depolarization ratio, and ρxh is the cross-polar
correlation coefficient. If the target has reflection symmetry,
then ρxh = 0, and the relation above simplifies to

pH =
1− LDR

1 + LDR
. (13)

If circular polarization is used, the relation in (11) reduces to

(
1− p2C

)
=

4CDR

[1 + CDR]2
(1−ORTT 2) (14)

where pC is the degree of polarization at circular transmission,
CDR is the circular depolarization ratio, and ORTT is the
orientation parameter. If the target has rotation symmetry, like
it is often the case for zenith/nadir pointing mm-wave radars,
then ORTT = 0, and the relation above simplifies to

pc =
1− CDR

1 + CDR
. (15)

Scatterers that exhibit both reflection and rotation symmetry are
said to have azimuthal symmetry. For scatterers with azimuthal
symmetry, the cross-polar correlation coefficients at horizontal
and vertical polarizations (ρxh and ρxv) and the cross-polar cor-
relation coefficient at circular polarization (ORTT, orientation
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parameter) are zero, and, consequently, the cross-polar coher-
ence Poincare map is zero everywhere

ρcx(ψ, χ) = 0. (16)

For scatterers with azimuthal symmetry, the relation in (11)
reduces to

p(ψ, χ) =
1−DR(ψ, χ)

1 +DR(ψ, χ)
. (17)

For scatterers with azimuthal symmetry, there is a one-to-one
relation between the degree of polarization and the depolariza-
tion ratio that holds for every polarization basis (17).

The cross-polar coherence can be used to verify the as-
sumption of scattering symmetries, namely reflection, rotation
and azimuth symmetry: the cross-polar coherence at horizontal
or vertical transmit (cross-polar correlation coefficients ρxh
or ρxv) accounts for departure from reflection symmetry, the
cross-polar coherence at circular transmit (ORTT, orientation
parameter) accounts for departure from rotation symmetry;
the cross-polar coherence is zero everywhere on the Poincare
sphere if and only if the target possesses azimuth symmetry.
The degree of polarization is redundant with respect to the
depolarization ratio and the cross-polar coherence, as indicated
by (11), (12), and (14). However, when propagation effects
and finite cross-polar isolation of the antenna are taken into
account, use of the degree of polarization at horizontal or
vertical transmit does have significant advantages [36].

If for centimeter-wavelength scanning precipitation radars
(X, C, S bands) operating at simultaneous transmission (ZDR

mode) reflection symmetry of the scatterers is assumed, in mm-
wave radar polarimetry at zenith/nadir, azimuth symmetry (i.e.,
reflection plus rotation symmetry) is generally assumed.

III. AZIMUTHAL SYMMETRY

A. Covariance Matrix

Distributed scatterers with azimuthal symmetry only have
two independent parameters.

At circular basis, considering that copolar returns are the
same at right-hand and left-hand circular transmit, the corre-
sponding covariance matrix is given by:

ΣC
BSA =

⎡
⎣
〈
|sRR|2

〉
0 0

0 2
〈
|sLR|2

〉
0

0 0
〈
|sRR|2

〉
⎤
⎦ . (18)

At linear polarization, considering that copolar returns at hor-
izontal and vertical polarizations are equal (ZDR = 0 dB), the
corresponding covariance matrix is given by:

ΣL
BSA =

⎡
⎣
〈
|shh|2

〉
0 〈shhs∗vv〉

0 2
〈
|svh|2

〉
0

〈s∗hhsvv〉 0
〈
|shh|2

〉
⎤
⎦ . (19)

In (19) the off-diagonal term is real and not independent from
the diagonal terms. This implies that the backscatter differential

phase (δco) is either 0◦ or 180◦, and that the following relation
holds

〈shhs∗vv〉 =
〈
|shh|2

〉
− 2

〈
|svh|2

〉
. (20)

The relation in (20) holds in general for targets with azimuthal
symmetry, and can be easily proven by considering the relations
to obtain the 1,3 element of the covariance matrix at circular
polarization from measurements at horizontal/vertical basis
(see [1, eq. 3.196c]). For scatterers with azimuth symmetry, the
copolar correlation coefficient ρhv, defined as

ρhv ≡ |〈shhs∗vv〉|√
〈|shh|2〉 〈|svv|2〉

(21)

is not independent from LDR. For 0 ≤ LDR ≤ 0.5 (linear
units) that is, −∞dB ≤ LDR ≤ −3 dB the following relation
holds:

ρhv = 1− 2LDR. (22)

For targets with 0.5 ≤ LDR ≤ 1, that is, −3 dB ≤ LDR ≤
0 dB the following relation holds:

ρhv = 2LDR− 1. (23)

Indeed, the two degrees of freedom of a target with azimuthal
symmetry can be completely described by one power-related
variable, like reflectivity at horizontal transmit ZH or reflectiv-
ity at circular transmit ZC or the trace of the coherency matrix,
and by one power-independent variable that can equivalently be
chosen among LDR, CDR, pH, pC or ρhv.

A property of the covariance matrix is that the trace is invari-
ant under polarization bases transformations; simple algebra
yields the following relation:

Trace[ΣBSA] ∝ Z(ψ, χ) [1 +DR(ψ, χ)] . (24)

In turn, (24) yields

ZH [1 + LDR] = ZC [1 + CDR]. (25)

The considerations above clearly show that, for scatterers with
azimuthal symmetry, measurements from a fully polarimetric
system yielding the Covariance matrix do not contain more in-
formation than measurements from a dual-polarization system
yielding the Coherency matrix J

JH =

[ 〈
|shh|2

〉
0

0
〈
|svh|2

〉 ] (26)

JC =

[ 〈
|sRR|2

〉
0

0
〈
|sLR|2

〉 ] . (27)

Under the assumption of azimuthal symmetry, dual-
polarization measurement of the coherency matrix at a given
transmit polarization can be translated into the corresponding
covariance matrix, rotated to a new basis, and reduced to the
Coherency matrix in the new polarization basis. The theoretical
conclusion is that dual-polarization zenith/nadir pointing
radars illuminating scatterers with azimuthal symmetry can
apparently implement either the LDR or the CDR mode, and
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still retrieve equivalent information. However, even though
azimuthal symmetry guarantees that the trace of the Coherency
matrix is the same for linear and circular polarization bases,
the power is diversely distributed in the copolar and cross-polar
channels.

B. Mueller Matrix

Under the assumption of azimuthal symmetry, the Mueller
matrix can in general be written in terms of Huynen parameters
as [3], [37]

Kaz =

⎡
⎢⎣
A0 +B0 0 0 0

0 A0 0 0
0 0 A0 0
0 0 0 −A0 +B0

⎤
⎥⎦ . (28)

A0 and B0 are always non-negative by definition [3]; the total
backscattered power from a fully polarimetric system (trace of
the covariance matrix ΣBSA) and the total backscattered power
from a dual-polarization system (trace of the coherency matrix
J) are given by:

Trace[ΣBSA] = 2 Trace[J ] = 2(A0 +B0). (29)

The Mueller matrix contains the same information as the
Covariance matrix, but has the advantage that it actually maps
incident partially polarized Stokes vectors into backscattered
partially polarized Stokes vectors. The degree of polarization
Poincare map can then be obtained analytically

p(ψ, χ) =

√
A2

0 cos
2(2χ) + (A0 −B0)2 sin

2(2χ)

A0 +B0
. (30)

Equation (30) holds in general, with the only assumption of
target azimuthal symmetry, but no assumption on the scattering
regime (Rayleigh versus non-Rayleigh). Further, for scatterers
with azimuthal symmetry, the degree of polarization maps one-
to-one to the depolarization ratio (17). Consequently, the dif-
ference between reflectivity at linear and reflectivity at circular
polarization can also be evaluated. The study of (30) yields
all the answers relative to the depolarization properties of
scatterers with azimuthal symmetry.

1) Case 1: A0 ≥ B0—From Spheres to Dipoles: This case
is what most frequently occurs in atmospheric radar signatures,
and was first analyzed in [13]. The parameter B0 varies between
0 and A0 (that is, CDR varies between 0 and 1, linear units).
The degree of polarization at horizontal transmit is in general
given by

pH =
A0

A0 +B0
(31)

from which we have that

LDR =
B0

2A0 +B0
. (32)

The degree of polarization at circular transmit is given by

pc =
A0 −B0

A0 +B0
. (33)

CDR is given by

CDR =
B0

A0
. (34)

The degree of polarization at linear transmit is always equal to
or greater than the degree of polarization at circular transmit
(pH ≥ pC). This implies that the reflectivity at linear transmit
is always equal to or greater than the reflectivity at circular
transmit (ZH ≥ ZC), and that the depolarization ratio at linear
transmit is always equal to or lower than the depolarization ratio
at circular transmit (LDR ≤ CDR). Equality is obtained for
B0 = 0, for which ZH = ZC, LDR = CDR = 0 (linear units)
and pH = pC = 1. In this case (B0 = 0), corresponding to a
cloud of spheres, the degree of polarization equals 1 for every
transmit polarization state [Fig. 4(a)]

p(ψ, χ) = 1. (35)

For B0 = A0 the degree of polarization varies between a
minimum of 0 (circular polarization) and a maximum of 0.5
(linear polarization). This corresponds to a cloud of randomly
oriented dipoles with degree of polarization Poincare map given
by Fig. 4(b)

p(ψ, χ) =
cos(2χ)

2
. (36)

In this case we have that CDR = 0 dB and LDR = −4.77 dB;
further, ZH is greater than ZC by 1.76 dBZ (Fig. 1).

Even though for a cloud of randomly oriented dipoles the
difference between ZH and ZC is larger than the nominal un-
certainty of 0.5 dBZ associated with reflectivity measurements,
we also note that for most scatterers of interest in mm-wave
radar meteorology the actual difference in reflectivity at linear
and circular polarization is smaller. In Fig. 2(a), the difference
betweeh ZH and ZC is expressed as a function of intrin-
sic CDR of the target. For scatterers with CDR < −10 dB,
the difference in reflectivity is approximately smaller than
0.2 dBZ and is therefore negligible. For dipole-like scatterers
with CDR > −6 dB (that, indeed, seldom occur in the atmo-
sphere) the difference exceeds 0.5 dBZ. On the other hand, the
difference between CDR and LDR is never negligible and it
always exceeds 3 dB. The difference tends to exactly 3 dB as
the scatterers tend to the spherical shape [Fig. 2(b)].

To reinforce these ideas we carried out simple T-matrix
simulations [32]–[34] of monodispersed 3-D randomly oriented
spheroids (for D = 2 and 6 mm, representing oscillating rain-
drops) and of monodispersed 3-D randomly oriented columnar
ice crystals (Length = 2 mm, Diameter = 0.4 mm) to qualita-
tively assess the order of magnitude of these differences. The
distributions of particles are 3-D randomly oriented and do
not account for the fact that hydrometeors tend to fall with
their major axis aligned in the horizontal plane. The results are
reported in Table I, and indicate that the difference between
reflectivity at linear and circular polarizations is of the order
of some tenths of dBZ, and is probably negligible. The same is
not true for the depolarization ratio, where CDR always exceeds
LDR by at least 3 dB.

2) Case 2: A0 < B0—From Dipoles to Helices: This class
of scatterers is hardly ever found in the natural atmosphere. For
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Fig. 1. Case 1, A0 ≥ B0 from spheres to dipoles: On the abscissa is B0/A0 (equivalent to CDR in linear units) ranging from 0 (cloud of spheres) to 1 (cloud
of randomly oriented dipoles). Left: on the ordinate is the Reflectivity normalized to the 1, 1 term of the Mueller matrix (trace of the coherency matrix). For this
class of targets (azimuthal symmetry with A0 > B0), reflectivity at horizontal transmission is always larger than reflectivity at circular transmission, generally by
a negligible amount. Right: on the ordinate is the Depolarization Ratio (in dB). For this class of targets (azimuthal symmetry with A0 > B0) the dynamic range
of CDR is always larger than the dynamic range of LDR.

Fig. 2. Case 1, A0 ≥ B0 from spheres to dipoles: On the abscissa is CDR in dB units, ranging from −40 dB (approximately a cloud of spheres) to 0 dB
(cloud of dipoles). On the left is the difference between reflectivity at linear and reflectivity at circular polarization, ZH − ZC in dBZ units, on the right is the
difference between CDR and LDR in dB. Even though ZH is always larger than ZC, the difference is negligible (< 0.2 dBZ) for most atmospheric scatterers
(with intrinsic CDR < −10 dB); the difference in reflectivity is more significant only for scatterers with CDR > −5 dB, and attains its maximum value for a
cloud of randomly oriented dipoles, for which the difference is 1.76 dBZ. On the right panel, the difference between CDR and LDR is not negligible, and is larger
than 3 dB for every atmospheric scatterer. The difference between CDR and LDR grows larger for scatterers with CDR > −5 dB and attains its maximum value
for a cloud of randomly oriented dipoles, for which the difference is 4.77 dB.

Fig. 3. Case 2, A0 < B0 from dipoles to helices: On the abscissa is A0/B0 (CDR in linear units) ranging from 0 (cloud of helices) to 1 (cloud of dipoles).
These types of scatterers are seldom found in the atmosphere. On the left the ordinate is the normalized reflectivity, showing that ZH = ZC for 2A0 = B0. On
the right the ordinate is the depolarization ratio, showing that LDR = CDR for 2A0 = B0.
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TABLE I
T-MATRIX SIMULATION RESULTS FOR 3-D RANDOMLY ORIENTED SPHEROIDS AT KA BAND, AND FOR 3-D

RANDOMLY ORIENTED COLUMNAR CRYSTALS AT KA AND W BANDS

Fig. 4. Degree of Polarization Poincare maps for scatterers with azimuth symmetry: (a) cloud of spheres, (b) cloud of randomly oriented dipoles, (c) cloud of
scatterers for which ZH = ZC, LDR = CDR = 0.5 (linear units) and ρhv = 0, (d) balanced cloud of right-hand and left-hand helices. Note how the degree of
polarization at linear transmission goes from 1.00 (a) to 0.50 (b) to 0.33 (c) to 0.00 (d).

A0 < B0 we have that A0 varies between 0 and B0. For A0 =
B0 we obtain again the cloud of dipoles described above. For
A0 = 0 we have that [Fig. 4(d)]

p(ψ, χ) = sin(2χ). (37)

This type of target corresponds to a balanced mixture of right
and left helices [3], and in this case the degree of polarization at
circular is larger than the degree of polarization at linear. This
corresponds to reflectivity at circular larger than reflectivity at
linear. Since this situation is the opposite of what we obtain for
the cloud of dipoles (A0 = B0), we set out to identify where
the transition occurs. The degree of polarization at horizontal
transmit is given by

pH =
A0

A0 +B0
(38)

from which we have that

LDR =
B0

2A0 +B0
(39)

whereas the degree of polarization at circular transmit is
given by

pc =
B0 −A0

A0 −B0
(40)

from which we have

CDR =
A0

B0
. (41)

The equality is obtained for 2A0 = B0, and this corresponds
to a constant degree of polarization Poincare map equal to 1/3
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Fig. 5. In the diagram above, the A0 −B0 plane, we identify the respective
loci corresponding to a cloud of spheres (B0 = 0), to a cloud of dipoles (A0 =
B0) and to a cloud of right-hand and left-hand helices (A0 = 0). The line
corresponding to 2A0 = B0 marks the transition between scatterers for which
reflectivity at linear transmit is larger than reflectivity at circular transmit. Real
atmospheric scatterers are generally characterized by A0 � B0 and tend to lie
close to the x-axis (spheres).

[Fig. 4(c)]. For scatterers characterized by 2A0=B0, we note
that CDR=LDR=0.5 (linear units), ZH = ZC, and ρhv = 0.

Reflectivity at circular polarization is larger than reflectivity
at linear polarization only for scatterers with intrinsic LDR (or
CDR) larger than 0.5 (linear units). The polarimetric behavior
of scatterers with azimuthal symmetry is summarized in Fig. 5,
where the A0 −B0 plane is plotted together with axes corre-
sponding to spheres (B0 = 0), dipoles (A0 = B0), equal re-
flectivity axis (2A0 = B0) and helices (A0). Obviously, for 2-D
plotting, any other choice of parameters is equally suitable, like
the couple ZH − LDR, or ZC − CDR or Trace and Degree of
Polarization plane.

IV. AZIMUTHAL SYMMETRY: THE DYNAMIC RANGE OF

DEPOLARIZATION RATIO AT LDR AND CDR MODES

For case 1 analyzed in Section III, that is, the case that
generally occurs in the real atmosphere, it was observed that
even though reflectivity is comparable at linear and circular
transmit, the difference between CDR and LDR is always larger
than 3 dB, and tends to exactly 3 dB as the illuminated scatterers
tend to the spherical shape [Fig. 2(b)]. Since the upper bound
of the depolarization ratio measurements is larger for CDR, it is
important to establish the lower bound of both LDR and CDR
in order to establish which one of the two variables offers the
largest dynamic range.

The lowest measurable depolarization ratio is determined by
the antenna cross-polar isolation that, in turn, can be deter-
mined by the antenna cross-polar pattern. In this section we
assume equal cross-polar patterns for both linear and circular
antennas, and set out to compute the bias induced in LDR
and CDR in order to establish a theoretical lower bound for
such polarimetric variables. The bias in LDR was already
computed in [36] and found to be equal to 4W2, where W2 is the
second order integrated cross-polar pattern (see [36, eq. (35)]).

In the following, we proceed to the evaluation of the bias in
CDR. Assuming reciprocity of the target (sRL = sLR = sx)
and of the antenna cross-polar patterns (FRL = FLR = Fx), the
received voltages in presence of cross-channel coupling can be
expressed as:[

VR

Vx

]
=

[
FR Fx

Fx FR

] [
sR sx
sx SL

] [
FR Fx

Fx FR

] [
1
0

]

=

[
sRF

2
R + 2sxFRFx + sLF

2
x

sxF
2
R + sLFRFx + sRFRFx + sxF

2
x

]
. (42)

Given azimuthal symmetry, it can be assumed that 〈|sR|2〉 =
〈|sL|2〉, 〈sRs∗L〉 = 0, 〈sRs∗x〉 = 0 and 〈sLs∗x〉 = 0.

Hence, the measured copolar and cross-polar powers are
found to be:

ηR ≡
〈
|VR|2

〉
〈|sx|2〉

∫
Ω F 4

R

∼ CDR+ 4W2 (43)

ηx ≡
〈
|Vx|2

〉
〈|sx|2〉

∫
Ω F 4

R

∼ 1 + 2W2. (44)

The intrinsic CDR of the scatterers is defined as:

CDR ≡
〈
|sR|2

〉
〈|sx|2〉

. (45)

The second order integrated cross-polar pattern is

W2 =

∫
Ω F 2

R|Fx|2∫
Ω F 4

R

. (46)

We finally proceed to the evaluation of the biased CDR:

CDRB =
ηR
ηx

∼ CDR+ 4W2

1 + 2w2
∼ CDR+ 4W2 (47)

from which follows that the bias is 4W2, exactly the same as
for LDR (see [36]).

From the above considerations, it is possible to conclude
that, for scatterers with azimuthal symmetry, considering two
antennas with the same cross-polar isolation, the dynamic range
of CDR is always larger than the dynamic range of LDR
by at least 3 dB. For anisotropic scatterers (when azimuthal
symmetry is broken), the difference between CDR and LDR
can be significantly larger than 3 dB [26], and implementa-
tion of the CDR mode emerges as an even better option for
zenith/nadir pointing mm-wave radars. We emphasize the fact
that the depolarization ratio dynamic range is dependent on its
minimum measurable value, driven by the antenna cross-polar
isolation. The latter can in general be different for linear and
circular polarizations [25].

V. AZIMUTHAL SYMMETRY: SIMULTANEOUS

TRANSMISSION

The analysis carried out so far for scatterers with azimuth
symmetry reveals that their scattering behavior can be fully
described by two radar variables, one power-related, like
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ZH, ZC or the trace of the Coherency matrix, plus one power-
independent variable that can equivalently be chosen among
LDR, CDR, pH, pC or ρhv. In Section III, we investigated
the relations among variables at LDR and CDR modes. In this
section we extend our analysis to include polarimetric variables
obtained at simultaneous transmission. These results are impor-
tant since some ARM scanning radars are currently designed
to operate at simultaneous transmission (e.g., X-SACR), and
comparisons of polarimetric measurements at zenith from dif-
ferent radar architectures are important for both calibration and
retrieval purposes.

This analysis also applies to cm-wavelength scanning
precipitation radars operating at simultaneous transmission
and illuminating scatterers with azimuthal symmetry, the lat-
ter characterized by differential reflectivity ZDR = 0 dB and
backscatter copolar phase δco = 0◦. As an example, hail or
graupel may have azimuthal symmetry, but they may also
depart from it with large δco and non-zero ZDR values. For
hail and/or graupel with azimuthal symmetry, the copolar cor-
relation coefficient ρhv remains the only degree of freedom left
to characterize their shape.

In this section, we theoretically derive a relation that links the
degree of polarization at simultaneous transmission (measured
at some point on the circular/slant circle of the Poincare sphere)
with any of the aforementioned power-independent variables
(LDR, CDR, pH, pC, or ρhv). The results are important for
shape characterization, since the copolar correlation coefficient
measured at STSR mode is generally biased by the non-zero
cross-polar return of the target (intrinsic LDR > 0), and because
none of the other power-independent variables (LDR, CDR,
pH) is available at STSR mode. The procedure outlined in the
present section permits to account for differential propagation
phase effects: if this problem is negligible for zenith/nadir
pointing mm-wavelength radars, the same may not occur for
scanning cm-wavelength radars, since scatterers with azimuth
symmetry (tumbling hailstones or graupel for example) are
often embedded in rain that induces a propagation phase.
Contrary to CDR or ORTT for example, both positively bi-
ased by propagation through rain, the degree of polarization
at circular polarization pC (or, in general, at simultaneous
transmission pS) is not strongly dependent on differential phase
when anisotropic scatterers (rain) are illuminated (see [37]).
However, for a target with azimuth symmetry, the degree of
polarization at simultaneous transmission is crucially depen-
dent on the specific polarization state (lying on the circular/
slant circle of the Poincare sphere) that impinges on the
hydrometeors [37].

Radars operating at Simultaneous Transmission measure the
Coherency matrix

JHV
χ ≡

[ 〈
|shχ|2

〉 〈
shχs

∗
vχ

〉〈
svχs

∗
hχ

〉 〈
|svχ|2

〉
]

(48)

where the subscript χ indicates the transmit polarization state
(lying on the circular/slant circle of the Poincare sphere, cor-
responding to simultaneous transmission of H and V) and the
superscript HV indicates simultaneous reception of horizontal

and vertical polarizations. For a general target with scattering
matrix S

S =

[
shh shv
svh svv

]
. (49)

The entries of the Coherency matrix at Simultaneous Transmis-
sion can be expressed as:

JHV
χ ≡

[ 〈
|shχ|2

〉 〈
shχs

∗
vχ

〉〈
svχs

∗
hχ

〉 〈
|svχ|2

〉
]

=

[ 〈
|shh+shv|2

〉
〈(shh+svv)(svv+svh)∗〉

〈(svv+svh)(shh+shv)∗〉
〈
|svv+svh|2

〉 ]
.

(50)

From the matrix JHV
χ , reflectivity (ZS

H), differential reflec-
tivity (ZS

DR), copolar correlation coefficient (ρshv), degree of
polarization at simultaneous transmission (ps) and differential
phase (Φs

hv + δshv)) can be evaluated for radars operating at
hybrid mode:

ZS
H ∝

〈
|shχ|2

〉
(51)

ZS
DR ≡

〈
|shχ|2

〉
〈|svχ|2〉

(52)

ρShv =

∣∣〈shχs∗vχ〉∣∣√
〈|shχ|2〉 〈|svχ|2〉

(53)

(
ΦS

hv + δShv
)
≡ arg

〈
shχs

∗
vχ

〉
(54)

Ps =

√√√√1−
4 det

[
JHV
χ

]
(
trace

[
JHV
χ

])2 =
λ1 − λ2

λ1 + λ2
(55a)

trace
[
JHV
χ

]
≡

〈
|shχ|2

〉
+
〈
|svχ|2

〉
= λ1 + λ2 (55b)

det
[
JHV
χ

]
≡

〈
|shχ|2

〉 〈
|svχ|2

〉
−
〈
shχs

∗
vχ

〉
=λ1 · λ2. (55c)

In (55), λ1 and λ2 are the eigenvalues of JHV
χ .

Simultaneous transmission implies that in presence of intrin-
sically cross-polarizing scatterers (shv > 0), differential reflec-
tivity and copolar correlation coefficient will differ from the
corresponding variables measured at Alternate Transmit and
Simultaneous Reception mode (ATSR mode) [1]

ρshv ≡ |〈(shh + shv)(svv + svh)
∗〉|√

〈|shh + shv|2〉 〈|svv + svh|2〉
= |〈shhs∗vv〉|√

〈|shh|2〉 〈|svv|2〉
≡ ρhv (56)

ZS
DR ≡

〈
|shh + svv|2

〉
〈|svv + svh|2〉

=
〈
|shh|2

〉
〈|svv|2〉

≡ ZDR. (57)

For scatterers with azimuth symmetry (virtually any atmo-
spheric scatterers in zenith/nadir geometry, or, for scanning
precipitation radars, hail and graupel with ZDR = 0 dB and
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δco = 0◦), the degree of polarization Poincare map is in general
given by (58), that we report here for simplicity

p(ψ, χ) =

√
A2

0 cos
2(2χ) + (A0 −B0)2 sin

2(2χ)

A0 +B0
. (58)

We note how the differential propagation phase Φs
hv can

be measured independently, and, together with the system
differential phase β, they provide a precise indication about the
actual polarization state impinging on the azimuth symmetric
hydrometeors. If we plug the propagation differential phase and
the system differential phase in (58), we can relate the degree
of polarization measured at simultaneous transmission with the
parameters A0 and B0:

p

(
45◦,

β +Φs
hv

2

)

=

√
A2

0 cos
2(β +Φs

hv) + (A0 −B0)2 sin
2(β +Φs

hv)

A0 +B0
. (59)

In general, for any type of target, the trace of the covariance
matrix is invariant with respect to a change of polarization
basis. For scatterers with azimuth symmetry, not only the trace
of the covariance matrix, but also the trace of the Coherency
matrix (measured by a dual-polarization system) is invariant
for a change of polarization bases. The important consequence
is that, for scatterers with azimuth symmetry, the trace of the
Coherency matrix is the same at simultaneous transmission,
LDR mode or CDR mode, and is equal to (A0 +B0)

trace
[
JHV
χ

]
=ZS

H

[
1 + ZS−1

DR

]
= ZH [1 + LDR]

=ZC [1 + CDR] = A0 +B0. (60)

Equations (59) and (60) can be combined to form a system
whose solution yields A0 and B0. These latter parameters can
then be used to evaluate any of the following polarimetric
variables: LDR, CDR, pH, pC or ρhv. Note that the copolar cor-
relation coefficient derived with this procedure is not affected
by the bias due to cross-polarizing scatterers (with shv > 0),
that, in turn, affects the copolar correlation coefficient measured
at simultaneous transmission: ρshv [38].

VI. CONCLUSION

The paper presents a consistent theoretical framework for the
analysis of polarimetric signatures from zenith/nadir-pointing
atmospheric radars at LDR, CDR, and ZDR modes.

Under the assumption of azimuthal symmetry, we show that

1) The difference in reflectivity between radars at LDR and
CDR modes is generally negligible: ZH − ZC is less than
0.5 dBZ for scatterers with intrinsic CDR < −6 dB.

2) The difference in depolarization ratio (i.e., the difference
between CDR and LDR) is always larger than 3 dB and is
non-negligible. Assuming antennas with the same cross-
polar isolation (ICPR), CDR mode offers a dynamic
range that is larger by at least 3 dB.

With no azimuthal symmetry, that is, in presence of aligned
scatterers in the polarization plane (e.g., insects or electrified
crystals), contrary to all variables obtained at LDR mode,
variables obtained at CDR mode are not affected by the specific
alignment direction of the scatterers with respect to the antenna
ports. When measured at CDR mode, reflectivity, depolariza-
tion ratio, cross-polar coherence and degree of polarization are
invariant with respect to rotations about the boresight axis. In
particular, in presence of anisotropic (aligned) scatterers, the
dynamic range of CDR may be larger than the dynamic range
of LDR by more than 10 dB [26].

For zenith/nadir pointing dual-polarization atmospheric
radars, implementation of the CDR mode might be preferable
with respect to the LDR mode for two reasons:

• Larger dynamic range of the depolarization ratio (valid for
scatterers with and without azimuthal symmetry, assuming
equal antenna cross-polar isolation)

• Rotational invariance of the retrieved variables (in case
scatterers without azimuthal symmetry are present)

In Section V, we only consider scatterers with azimuthal
symmetry, and we derive a set of two algebraic equations
[namely (59) and (60)] that relate variables obtained at LDR
and CDR modes with variables obtained at simultaneous trans-
mission: these theoretical results are applicable not only to
zenith/nadir pointing mm-wavelength radars (Ka, W bands),
but also to scanning cm-wavelength radars (S, C, X bands)
whenever scatterers with azimuthal symmetry (e.g., dry hail or
graupel with ZDR = 0 dB and δco = 0◦) are illuminated, and
may be used to evaluate estimates of the copolar correlation co-
efficient ρhv that are unbiased by intrinsically cross-polarizing
scatterers (with shv > 0).
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